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Abstract 

This paper proposes a conjecture about special values of L-functions 
L{M,s) :— Y[pdet{ld — Fr~^ |jpM^)^^ of geometric motives M over 
Z. This includes L-functions of mixed motives over Q and Hasse-Weil 
("-functions of schemes over Z. We conjecture the following: the order 
of L{M,s) at s = is given by the negative Euler characteristic of mo- 
tivic cohomology of D{M) ■- M^(l)[2]. Up to a nonzero rational factor, 
the L-value at s = is given by the determinant of a pairing coupling 
an Arakelov-like variant of motivic cohomology of Af with the motivic 
cohomology of D{M): 

L*{M,0) = ]^det(H^(M)®H-^(L>(M)) ^ R)'"^''^' (mod Q""). 

i 

Under standard assumptions concerning mixed motives over Q, Fp, and 
Z, this conjecture is essentially equivalent to the conjunction of Soule's 
conjecture about pole orders of (^-functions of schemes over Z, Beilinson's 
conjecture about special L-values for motives over Q and the Tate conjec- 
ture over Fp. 

L-functions have a long and rich history. Starting with Riemann's zeta 
function, the scope of L-functions has been progressively expanded to apply to 
more general objects such as mixed motives Af^ over Q: 



Lj.(M^,s) n dct(ld-Fr-ip-^|(M^),^^ 



p<oo 

Here (M^)^ denotes the ^-adic realization of the motive and Ip the inertia group. 
We give a natural adaptation of this definition to geometric motives over Z 
(Definition 2.1). That generalization incorporates both L-functions over Q and 
Hasse-Weil C-functions of schemes X of finite type over Z: 

Lq(M^,s)-i = Lz(r;,,M^[l],s), (1) 

C(X,s) =L(Me(X),s). 
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Here is a mixed motive over Q satisfying a certain smoothness condition, 
77!* is a generic intermediate extension functor similar to the one famihar in 
perverse sheaf theory, and Mc{X) denotes the motive with compact support. 
The second identity is a consequence of Grothendieck's trace formula. It implies 
the independence of L-functions of choices of £ for a large category of motives, 
namely the triangulated category generated by M(X) where X is any scheme 
over Z (Lemma 2.9). Geometric motives over Z therefore appear as a natural 
framework to deal with L-functions. 

This naturalness allows for a compact and conceptual conjecture describing 
the special values and pole orders of L-functions. The conjecture splits into two 
parts, each of which is interesting in its own right. 

The first part. Conjecture 3.1, states that there should be a cohomology 
theory H*(M) called motivic cohom,ology with compact support taking into 
account both (standard) motivic cohomology H*(M) and information at the 
archimedean place in the guise of weak Hodge cohomology H^(M). The latter 
is an invariant related to the period map of Bctti and de Rham cohomology (cf. 
Section 1.2). More precisely, there are to be long exact sequences 

. . . ^ H^(M) ^ (M)m -> H;(M) -> H^+i(M) . . . 

for any geometric motive M over Z. The spaces H*(AL) should be linked to 
motivic cohomology of the Verdier dual D{M) :— Hom(M, 1(1)[2]) via natural 
perfect pairings called global motivic duality pairings 

< :H*(M)xH-*(D(M))r^M 

that are functorial, compatible with the Verdier dual and normalized to be 
the height pairing in certain cases. Except for the perfectness of the pairing, 
the properties of arithmetic Chow groups with compact support CW^{X), X 
regular and projective over Z, due to Gillet and Soulc [GS90a] match the re- 
quirements on H^™(M(X)(m)) (Proposition 3.3). The perfectness for motives 
supported on ¥p is equivalent to the conjimction of Beilinson"s conjecture 1.5 on 
the agreement of numerical and rational equivalence and the Beilinson-Parshin 
conjecture about vanishing of higher X-theory (both up to torsion, for smooth 
projective varieties X/¥p), see Theorem 3.4. By a result of Kahn [Kah05, proof 
of Theorem 56], the latter conjunction implies the semi-simplicity of geometric 
motives over Fp. 

The second part of the conjecture, 4.2, deals with pole orders and special 
L-values of geometric motives M over Z. We conjecture that pole orders are 
given by the negative Euler characteristic of motivic cohomology of D{M): 

OTds=oL{M,s) = -x{D{M)). 

The special L-value L*{M,s) is conjecturally given, up to a nonzero rational 
factor, by the determinants of the pairings ir]^: 

L*{M,s)\s=o = ndet(^iv,)(-i)'^' (mod Q^). 
iez 
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The conjecture is compatible with the functional equation and stable under 
distinguished triangles (Theorem 4.4) . The latter — a formal consequence of the 
setup — is a key difference between our conjecture and Beilinson's conjecture for 
mixed motives over Q. The meaning of our conjecture for special values of ^- 
functions of regular projective schemes over Z is spelled out in Example 4.5. 
The remainder of Section 4 is concerned with the following result (see Theorem 
4.6 for a more detailed statement). To prove this theorem, actually even to state 
(1) above, we need to assume a standard conjectures concerning mixed motives 
over Q, Z and Fp, such as a formalism of weights, cohomological dimension, 
exactness properties of functors i* : DMg,„(Z) DMgm(Fp) etc. This has 
been laid down in [Scha], see Section 1.3 for a summary. 

Theorem 0.1. The perfectness of the pairings in 3.1 and the L-values con- 
jecture 4-2 together are essentially equivalent to the conjunction of the conjec- 
tures of Beilinson, Soule and Tate on special L-values of motives over Q and 
(^-functions a la Hasse- Weil of schemes over Z and over ¥p, respectively. 

Once the motivic duality pairing is formulated for any Tate motive over Z 
(in a triangulated manner) , we can draw the following corollary. 

Coroll£iry 0.2. Conjecture ^.2 holds for the triangulated category DTM(Z) of 
Tate motives over Z. In particular, Beilinson's conjecture holds for any mixed 
Tate motive h-'(X^,m) with j, m e Z, X^, smooth projective over Q. 

Proof: By definition [Schb], DTM(Z) is the triangulated category generated 
by l{n) and «*l(n) G DMg„i(Z). Here i : Spec Fp Spec Z is any closed point. 
For motives l(n)[l] = ?7!*r/*l(n)[l], our conjecture is unconditionally equivalent 
to Beilinson's conjecture for l{n) £ MM(Q) which does hold by Borel's work 
[Bor77]. The conjecture holds trivially for i*l(n). Thus the triangulatedness 
of Conjecture 4.2 implies the first statement. The second statement follows 
immediately. □ 

A key idea for this work, due to Huber, is to view the data occurring in 
Beilinson's conjecture for a mixed motive over Q as belonging to a mixed 
motive over Z, namely rjuMjj[l]. This is reified for L-functions by (1) and on the 
motivic side by an appropriate interpretation of /-cohomology [Scha]. Various 
phenomena studied before then become natural consequences of the properties 
of ?7!* — chiefly its failure to be exact. SchoU introduces a category MM(Q/Z) of 
mixed motives over Z [Sch91] (different than the ones studied here) by imposing 
non-ramification conditions and conjectures 

CH'"(X^)Q/hom b~2m=l,a^0 

B.'>{Xr„m)z b-2m^0, a = l 

CH™(X^)Q,hom 6-2m = 0, a = l 
else 

Except for a = 2 and b — 2m < 0, where we cannot prove the vanishing in 
general, the right hand side identifies with H''~^(7y!* h''~^(X^,TO)[l]) (Theorem 



ExtSiM(Q/z)(l,li^ HXn,m)) = < 
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1.3). As for the special L-values, a conjecture of Scholl [Sch91, Conj. C] says 
that some G M]V[(Q/Z) is critical (i.e., its period map is an isomorphism, 
equivalently all H^(M^) vanish) if 

ExtJ^M(Q/z)(^^r7, 1(1)) = Ext^M(Q/Z)(l,^^.;) = for a = 0, 1. 

Moreover, a reduction technique transforming any motive into one satisfying 
these vanishings is given, so that Deligne's conjecture [Del79, Conj. 2.8.] con- 
cerning the L- value of critical motives can be applied. The non-multiplicativity 
of L- functions of motives over Q (cf. Remark 2.2) has been addressed by Fontaine 
and Perrin-Riou by introducing the notion of /-exact sequence, which are ones 
where one does save multiplicativity [FPR94, III. 3. 1.4]. The formulation of the 
Zz-values conjecture given here resembles their approach in several respects. For 
example, the pole order conjecture for a mixed motive over Q expresses 
oids=o L{Mjf, s) as an Eulcr characteristic of /-cohomology. The idea to re- 
cast special L-values of motives as determinants of appropriate pairings was 
explored by Deninger and Nart [DN95] , who show that the motivic height pair- 
ing of [Sch94b] can be represented by concatenating morphisms in the derived 
category of an appropriate category of motives. Special L- values of functions 
of varieties over Z are independently studied by Soule [Sou09] . 

It is a pleasure to thank Annette Huber for her advice for my thesis, of which 
this paper is a part. I also thank Denis-Charles Cisinski, Frederic Deglise and 
Bruno Kahn for helpful conversations. 

1 Preliminaries 

1.1 Determinants and Q-structures 

For any ring R, let R be the category of finitely generated i?-modules. Let 
K he a field. The determinant detV of & K is detV := A^^'^^F. Its 
i^-dual is denoted det~^ V. For V* G D^{K_), the derived category, we set 

dety* := (g)idet(-^''ff(K). 

Let A,B e Q and let / : Ar ^ Br be an M-linear map. We do not assume 
that it respects the rational subspaccs. The "usual" determinant of /, which is 
well-defined up to a nonzero rational factor agrees, modulo with the image 
of 1 under the map Q = det^0det"^ B det Ar® det"^ Br = M. Here the 
right hand isomorphism is induced by /. 

A complex with Q-structure is a complex K of K- vector spaces that is quasi- 
isomorphic to one in D^(E) together with a non-zero map of Q- vector spaces 
dv, ■ Q dety*. In concrete situations, we usually have a distinguished 
identification det K = M. In that case, we may also call det T4 the real number 
that is the image of 1 G Q under dv, and the given identification. 

Maps of complexes with Q-structurcs arc usual maps of complexes; they are 
not required to be compatible with the map dy,- For a map / : K W^, 
of complexes with Q-structures the cone of / is endowed with the following 
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Q-structure: 

Q detW,®det-^ K = detcone(/). 

Define a category D''(ffi.)^^'^''' to consist of sucli complexes. Its morphisms 
are given by maps of complexes up to quasi-isomorphism (not necessarily re- 
specting the Q-structures) . We say that a triangle A ^ B ^ C oi objects in 
£)bj-^^Q-det jg multiplicative if it is distinguished in D'^(M) after forgetting the 
Q-structure and detS = det A det C in the sense that the following diagram 
(whose right hand isomorphism stems from the triangle) is commutative: 

Q— ^^^detC 

det"^ A^detB. 

Given two complexes A and B in D''(R)''2~'^*'*, together with perfect pairings 
TT* : H*(A)xH~*(B) — >^ R of their cohomology groups, we will write (somewhat 
loosely) detTT := det{7r'}, for the image of 1 G Q under the following map: 

Q '^-^^ det A^ det B = (g) det(-^)* W{A)(g) det^"^)" (B) ^ "''-^'^ M. 

i 

1.2 WecLk Hodge cohomology and Deligne cohomology 

In this section, we recall some facts related to Deligne cohomology and weak 
Hodge cohomology. Let X/Q be a smooth projective scheme (of finite type). 
By X{C) we denote the complex manifold belonging to X, equipped with its 
analytic topology. Let Six t>e the complex of sheaves of holomorphic differential 
forms on X{<C). The stupid filtration (T>* of the complex fijf is denoted F* and 
called Hodge filtration. As usual, M(j?) denotes (27r«)^M C C. The nontrivial 
element of G = Gal(M) is called infinite Probenius. 

Definition 1.1. Set Rt>{p) ■= [^{p) 0° ^- fi^ ^- Qp-^]. The terms 

are lying in degrees to p. Deligne cohomology of X is defined by 

B.UX,P) :=W^{XiC),Ru{p)f 

where the right hand side denotes sheaf hypercohomology on JY'(C). The Ga- 
lois group acts on the individual sheaves of Kd(p) — on M.{p) by conjugation on 
the sheaf coefficients and on X{C), on the holomorphic forms by conjugation 

via H*p(X(C)) H*j^(Xm)®rC (see [Sch88, p. 8] for details). Deligne co- 

homology of projective regular schemes Y over Z is defined as the one of the 
pullback YxQ. 

By definition, the degeneration of the Hodge-de Rham spectral sequence and 
weight reasons, there are short exact sequences {loc. cit.) 

H'(X(C),R(m))(-^)" W^^{Xk)/F'^ Hj+^(X,m) ^ 0,i - 2m < -2 (2) 
n\i{X, m) (X(C), ffi(m))(-i)'" H^r(Xk)/F™ ^> 0, i - 2m > (3) 
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Here the superscript denotes the (— l)™-eigenspace of the action of the nontrivial 
element of G on Betti cohomology of X{C). 

Let Com^ be the category of bounded Hodge complexes [Bei86, 3.2]. Its 
objects are quintuples C := (CdR, Cs, Cc, idR, *_b) consisting of a bounded bi- 
filtered complex of Q- vector spaces (Can, H^*, F*), a filtered complex of Q[G]- 
modules (Cb,W*) and a filtered complex of C-modules with C-antilinear G- 
action, (Cc,VF*), a filtered G-equivariant quasi-isomorphism : (Gs, VF*)®qC — 
(Gc,H^*) (G acts on the left hand term by the action on Gb and com- 
plex conjugation on C) and finally a filtered G-equivariant quasi-isomorphism 
Mr, : (GdR, VK*)CS)qC — ;> (Gc,VF*) (on the left, G acts by conjugation on C). 
These data are subject to the following requirement: the cohomology quintu- 
ple H'(G) defined by the cohomologies of the various complexes and compar- 
ison maps has to be a mixed Hodge structure [Dcl71, 2.3.1]. Morphisms in 
the category ConiH are required to respect the filtrations and the comparison 
quasi-isomorphisms. The category of mixed Hodge structures will be denoted 
MHS. 

An example of a Hodge complex is l(n), a one-dimensional space concen- 
trated in degree 0, such that it is pure of weight — 2n and the Hodge filtration 
concentrated in degree —n, and the Galois action is given by multiplication with 

(-!)"• 

Recall the notion of weak Hodge cohomology [Bei86, 3.13]: set 

RFw : ConiH Com''(]R-w.sp.), G ^ conc[-l] (g^^R © F^Cak®^ ^ . 

The map ac is called period map. Let be the category of Hodge complexes 
modulo quasi-isomorphisms. The above functor descends to RFw : Dj?[ 
Db^^^Q-det_ Indeed, taking G-invariants and applying the Hodge filtration 
are exact operations, since morphisms of Hodge structures strictly respect the 
Hodge filtration [Del71, 2.3.5(iii)]. The Q-structure on Rrw(G) is the one stem- 
ming from the very definition, where is endowed with a Q-structure using 
the one on GdR via idR. Set H^(G) := H*(Rrw(G)). There is an exact sequence 
[Fon92, 5.4] 

B.l{WoV) H° (y) B.l(V/WoV) ill,(WoV) ul,(V) ^ }li{V/WoV) = 0. 

Note that TmhsI^) ■= HomMHs(l,l^) = H°(WoF). It is nonzero only if 
gro'^ V 0. By a spectral sequence argument we get an exact sequence for any 
Hodge complex K: 

H;(ff-it4) h;(K) ^ HO (ff K) ^ 0. (4) 

Unlike absolute Hodge cohomology, the weak variant has a duality: the natural 
pairing (induced hy AxA^ ^ R for any R- vector space A) 

huk)xh;-*(K^(i))^m = hJ,(i(i)), iez. (5) 

is perfect [FPR94, Prop.III.1.2.3]. 

Recall [Bei86, Section 4] the Hodge complex Rr(X, m) whose cohomology 
objects are the Hodge structures (X(C),R(m)) of [Del71]. 
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Lemma 1.2. Weak Hodge cohomology identifies with Deligne cohomology (for 

all i.m): H;,(Rr(X,m)) = W^{X,m). 

Proof: The Hi := WiRViX, m)) = W{X{C),R{m)) are pure Hodge struc- 
tures of weight i - 2m. For i - 2m < 0, (iJj) = ^l^usi^z) = 0. By duality, 
BiiHi) = HO (ify(l))v = for i - 2m > -2. Hence, by (4), 

W RrfX m^ - / Hw(^fi-i) « - 2m < 
H^m (A, mj - I (^.) i _ 2m > 

The map in the exact sequences (2), (3) between Betti and de Rham cohomology 
is the one from the definition of RT^. The lemma is shown. □ 

The Deligne complexes IRd(p) enjoy a product structure Da '■ Rb{p)'S$R'd((i) ^ 
M.Y){p + q) where a G [0, 1] is an auxiliary parameter. They induce a product 
on ®p>oHp(X,p), which is independent of the choice of a [EV88, Section 3]. 
Compose it with the pushforward {d := dimX): 

B.\,{X,m)xB.l^-'+\X,d-m+l)^B.'^+\X,d+l) H^(M,1) =R. 

(6) 

For a e F°Ac, A := W{X,Q{m)), and b e Be, B := H2''-^(X, Q(d - m + 1)), 
we have a Ua=o b = a Ab. The perfect Poincare duality pairing 

fxo 



^mxBm(-I) 4 H2''(X(C),R(rf)) ''^'^ H0(C,M(0)) = R. 

induces an isomorphism Br = (1) and thus a weak Hodge cohomology duality 
pairing B^AxR^B H4,(1(1)) = K. Under the identification of Lemma 1.2, 
this pairing clearly agrees with (6). 



1.3 Motives 

All of our work takes place in triangulated categories DMgi„(S') of geometric 
motives over S, where the base S is either a number field F, a number ring 
Oi? or a finite field. Such a theory is due to Hanamura, Levine, and Voevodsky 
when the base is a field and to Ivorra and Cisinski and Deglise for general bases 
[Han95, Lcv98, VoeOO, Ivo07, CDIO]. In this paper, we shall work with axiomat- 
ically described categories DMgm(<S'). The precise axioms have been laid out 
in [Scha], so here we only survey them briefly. One half of them is concerned 
with the behavior of DMg,ii(S') as a triangulated category, based on the work 
of Cisinski and Deglise. The second half is better characterized by regarding 
them as deep conjectures: the triangulated category DMgi„(5) (with rational 
coefficients) is conjectured to enjoy a t-structure whose heart MM(5) is called 
the category of mixed motives. The cohomological dimension of MM(S') is con- 
jectured to he {S = Fg) and 1 {S = F), respectively. The most important 
requirement on the ^-structure is the following: realization functors, which all 
have the form DMgi„(<S') ^^{C) for an appropriate target category C, are to 
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be exact [Scha, Axiom 4.8.]. Any mixed motive is conjeetured to have a weight 
filtration. Morphisms of mixed motives are to respect weights strictly, thereby 
giving constraints on the existence of maps between motives. The pure objects 
in MM(i4') {K any field) arc conjectured to be identified with the category 
Mnum [Sch94a], pure motives with respect to numerical equivalence. This im- 
plies that the pure objects in M.M.{K) form an abelian semi-simple category 
[Jan92, Th. 1]. 

In the remainder of this paper we assume that the axioms concerning ge- 
ometric and mixed motives over open subschemes of Spec Op, and F , as 
spelled out in [Scha, Sections 1, 2, and 4J hold. 

We use the following notation: the motive of a scheme X/ S is denoted 
M(X) e DMgni(5), the motive with compact support is denoted Mc{X). We 
exclusively work with rational coefficients, that is, all Hom-groups are Q-vector 
spaces. Moreover, we use a contravariant notation. In particular, realization 
functors are covariant and the motive of the projective line decomposes as 
M(pi) = 1 © l(-l)[-2]. We write W{M) := HomDMg„(S)(l, for any 
M e DMg„(5). 

The Verdier dual of any geometric motive M over Z is defined as D{M) = 
Hom(M, 1(1)[2]). The truncation with respect to the motivic t-structure is 
denoted pH*, we write h*(X, n) for PH*(M(X)(n)). By the aforementioned ex- 
actness requirement, the £-adic realization of this motive is W{XxKK,Qi{n)) 
(for X defined over a field K of characteristic unequal to (.). 

To gain some familiarity we calculate a few examples, but refer to [Scha] for 
more details and explanation. Let / : X — >• Z be some projective, connected 
regular scheme of absolute dimension d. We do not assume that X is flat over 
Z. By the purity axioms we have /'l = f*l{d — l)[2(i — 2] [Scha, Section 1]. 
Let M := M(X)(m). By refiexivity of D, we get natural isomorphisms 

R\DM) = HomDM,„(z)(M,i^(l)[t]) =HomDM,„(x)(ri(m),/'l(l)[2 + t]) 
= H2'^+*(1, M{X){d - m)) = K_t-2m{X)^q~"'\ 

Let Mrj e DMgm(Q) be a motive such that there is some M G MM(Z) 
that satisfies the following property: for all primes p in some open j : U C 
Spec Z, there is a (non-canonical) isomorphism i^M = i*M(— 1)[— 2], where 
ip : Spec Fp Spec Z. We call j*M a smooth motive, and M generically 
smooth. We define: r?!*M^ := j\*j*M := im{jij*M j^j*M). This is ex- 
plained and shown to be well-defined in [Scha, Section 5.4]. By [Scha, Lemma 
5.11], this applies to Af^ = h''"^(X^,m) and M = h''(X,m), where X^/Q is 
smooth projective and X/Z is any projective model of X^j. We also know that 
S := r/i* h.^~^{Xr,, m) is a generically smooth mixed motive over Z which is pure 
of weight 6 — 2m. We have D{S) = ryi* h^ ^i^ri, d — m), where d := dimX. 
Motivic cohomology of S is given by the following theorem: 
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Theorem 1.3. With the above notation, we write H^(X,,, n)z := im(H^{X, n) — >■ 
H''(X^,n)). Moreover, let CH"'(X^)Q^hom be the subgroup of the Chow group of 
cycles homologically equivalent to zero and CH™(X^)Q/hom the group of cy- 
cles modulo homological equivalence (tensored with Q^. Motivic cohomology of 
S = rj\i,rj* \^{X, m) is given by 

a = —1, h — 2m = 1 
a = -1, 6- 2to / 1 
a = 0, &- 2m < -1 
a = 0, &- 2m = 
a = 0, & - 2m. > 1 
a = 1, 6- 2m > 
|a|>l 

Proof: The statements for \a\ > 1, a = —1, a = and b — 2m < have 
been shown in [Scha, Lemma 5.2, Theorem 6.12]. For a = and b — 2m > 1, 
let j : U ^ Spec Z be an open immersion such that Xx^U is smooth over 
U. Recall that j*S = h^Xx^U) is is a smooth motive. The natural map 
B.°{S) H°(77* 77*S') = B.^{]i^~\X^,m)) is injective by [Scha, Lemma 6.10]. As 
the cohomological dimension of DMgni(Q) is one [Scha, Axiom 4.1.] the latter 
term is a subgroup of H''(X^,m), which vanishes by [Scha, Axiom 1.8.]. 

In the case a = 1 we use that S is, like j*M, pure of weight b — 2m. We 
have a localization sequence 

. . . ^ ®p primeHi(jp5) ^ R\S) R^{f]*S) = R\rj*[-l]S) = 0. 

The right hand vanishing is because ??*[— 1] is exact and the cohomological 
dimension of motives over Q is one. Also by cohomological dimension the left 
hand term is H°(PH^ipS'). By [Scha, Axiom 4.11.], r preserves positivity of 
weights, i.e., wt(PH^(ip5)) > b ~ 2m, + 1. By strictness of the weight filtration 
the group therefore vanishes for b — 2m > 0. □ 

In accordance with Conjecture 3.1 (see Lemma 3.7) I expect 11^(5) = 
for arbitrary b, m. See the introduction for the relation of this to SchoU's 
notion of mixed motives over Z. By a similar argument, one can show that 
for 6 — 2m ^ —I 11-^(5*) is a quotient of ©p^c/H^(z^5'), where U is such that 
XxU is smooth over U. For mixed Artin-Tate motives there is the following 
rcsiilt. Recall the notions of mixed Tate motives and mixed Artin-Tate motives 
over fields, and over number rings, respectively, from [Lev93, Wil, Scha]. It 
is worth emphasizing that the motivic t-structure on Artin-Tate motives over 
Of is unconditional. The following theorem applies when h''~"'^(X^, m) is an 
Artin-Tate motive over F, for one can choose & U C Spec Op such that has 
a model projective X/Op that is smooth when restricted to U and such that 
h''(Xxe)j,J7, m) is a mixed Artin-Tate motive over U. 

Theorem 1.4. Let M be a smooth mixed Artin-Tate motive over j : U C 
Spec Op. Then H^OfJuM) = 0. 



H"(S') 



CH'"(X^)Q/hom 


R\Xr„m)z 

.horn 
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Proof: Wc may shrink U, since j'^j'*M = M, as M is smooth. Thus, we 
may assume by the standard sphtting routine [Schb, Lemma 2.5] that there is a 
Galois cover f :V' ^ U such that f'*M is a mixed Tate motive over V. The 
map M ^ flf'*M ^ flf'M -> M is dcg /' • idjw, so M is a direct summand of 
fif'*M, since we use rational coefficients. The functor /' = /' preserves Artin- 
Tate motives and is exact [Schb, Theorem 4.2]. Hence juf'J'*M = f^j!J'*M. 
Here / : y — >■ Spec Op is the normalization of Oi? in the function field of V and 
j' : V V is the corresponding open immersion. Consequently, }i^{OF,j\*M) 
is a summand oi {V, jl^f* M) , which vanishes since the cohomological dimen- 
sion of mixed Tate motives over V is one [Schb, Proposition 4.4], as opposed to 
two for Artin-Tate motives. □ 

We will need the Hodge realization functor into the derived category of 
Hodge complexes ([Bei86, Section 3], sec [HubOO, 2.3.5] for the construction of 
the functor) 

RFh : DMg„,(Q) ^ D^. 

By [Scha, Axiom 2.1.], RFh commutes with both dual and twists, i.e., 
RrH(M^(l)) = (RrH(M))^(l). Wc write RT^ for the following composition: 

RFw o RFh : DMgm(Q) ^ D''(l)Q-'i''*. (7) 

The composition of these functors with rj* : DMgm(Z) — >■ DMgi„(Q) will be 
denoted by the same. 

The following conjecture will be needed to deal with motives over Fp: 

Conjecture 1.5. (Beilinson) Let X/¥q be smooth and projective. Up to tor- 
sion, numerical and rational equivalence agree on X. 

Recall that homological equivalence is in between of these two equivalence 
relations [And04, 3.2.1], so under the conjecture, all three agree. The second 
important consequence of that conjecture is that the category of pure Chow 
motives over Fg is semisimple by Jannsen's theorem. 

2 Z/-functions of motives over number rings 

Let F be a number field and Op its ring of integers. For every finite prime p of 
Op we fix a rational prime £ that does not lie under p. Moreover, fix for every £ 
an embedding cr^ : — )■ C. All subsequent definitions of L-functions are taken 
with respect to these choices. 

Definition 2.1. The L-series of a mixed motive over F (with respect to the 
choices of £ and ae) is defined by 

LF{M^,s):=L{Mr„s) := [] det (id - FV"! •iV(p)-«l(M^^®Q,,,,C/'')"' . 

p<oo 



10 



The Zz-series of a geometric motive M over Op is given by 
LspecoAM,s) :=L{M,s):= JJ det (id - FV"! •Ar(p)-«|(i;M)^0Q„<,,C)"' . 

p<oo 

The first definition is classical, the second is a natural adaptation to motives 
over Op. The products run over all finite primes of Op, Fr is the arithmetic 
Frobenius map (given on residue fields by a a^^f^), N{p) is the cardinality of 
the residue field Fp, ip denotes the immersion of the corresponding closed point 
and — £ denotes the ^-adic realization functor. Note that M^^ is an i!-adic sheaf 
[Scha, Axiom 4.8.]. The superscript Ip denotes the invariants under the action 
of the inertia group. For the second definition, the determinant is understood 
in the sense of Section 1.1. 

RemEirk 2.2. Examples for L- functions abound. A prominent example is the 
one for M^, = h*(X,,, n), for some smooth projective variety Xrj over F. 

The independence of the choices of I and the embeddings ae is discussed 
around Lemma 2.9. See also Theorem 3.4. 

The L-series for motives over Op is multiplicative, i.e., given a triangle 
M ^M' ^ M" in DMgi„(0F), one gets 

L{M', s) = L{M, s) ■ L{M", s). 

A similar property does not hold for L-functions of motives over F, see [Sch91] 
for a counter-example. Scholl's notion of mixed motives over Z (which are not 
the same thing as mixed motives over Z in our sense, but mixed motives over Q 
with certain additional non-ramification properties), as well as Fontaine's and 
Perrin-Riou's notion of /-exact sequences [FPR94, 1.3.3] are designed to grapple 
with this phenomenon. 

By definition and the calculation of i?-adic cohomology of P^^ [Mil80, Exam- 
ple VI.5.6 and p. 163], one has L{M{n), s) = L{M, n + s) for all n e Z. 

Taking into account = for any complementary closed and open immer- 
sions i : Z ^ Spec Op and j, respectively [Scha, Axiom 1.10.], the L-function 
of j]j*M is the one of M, where the points in Z are omitted. 

The following lemma is well-known, see [Del73, Prop. 3.8. (ii)] or [Neu92, 
VII. 10.4. (iv)] for similar statements. It permits to replace any number ring 
Op by Z and to study L- values of motives over Z, only. The mildly more 
general situation of motives and i- functions over Op could be treated mutatis 
mutandis, except for the Q-structure on weak Hodge cohomology groups, which 
does require the base field to be Q. 

Lemma 2.3. The L-series is an absolute invariant of a motive, i.e., for any 
geometric motive M over Spec Op we have ispec Of{^^ s) = -^Spec z{f*M, s), 
where f : Spec Op ^ Spec Z denotes the structural map. 

Proof: By definition, one can reduce to the case where M is supported on 
a single prime p in Op, that is, M = ip^M'. Using {f*M)e = f*{Me) [Scha, 
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Axiom 2.1.], one reduces the claim to a question about representations of the 
Galois groups of the involved finite fields. Then the claim follows from a linear- 
algebraic calculation done e.g. in the proof of [Neu92, VII. 10. 4. (iv)]. The details 
are omitted. □ 

We now relate L-functions of motives over Q to ones over Z. Recall the 
notion of generically smooth motives from p. 8. The following lemma is proven 
in [Scha, Section 5.5]. It is a corollary of direct application of the exactness 
axiom on realization functors [Scha, Axiom 4.8.]. 

Lemma 2.4. Let M be a mixed smooth motive over U , where j : U ^ 
Spec Z[l/€] is an open subscheme. Leti be the eomplementary closed immersion 
to j and let r( and r/ be the generic point of U and Spec Z[l/£], respectively. 
Then {i*juM)t = i*{R''r],r]'*Mt[-l])[l]. 

Proposition 2.5. Let Mr, € MM(Q) he such that there is some generically 
smooth M G MM(Z) with Mr, = r]*[-l]M. Then 

Lq{Mn, s)"^ = Lz(r/!*??*M, s), 

where the left hand term is the L-series over Q, the right one is over Z. 

As an example, this applies to M = h'~'~^(X, n), where X/Z is some projec- 
tive scheme whose generic fiber Xr,/Q is smooth [Scha, Lemma 5.11]. In this 
case, Mn = h*(X^,n). 

Proof: Let j : U ^ Spec Z be an open non-empty subscheme such that j*M 
is smooth. We have 

Lz{m*V*M,s) = 



2.4 



□ 



M, s) (by definition of r/i*) 
^Hdet (Id - Pr-i N{p)-Wpji*fM)e)j 

det (Id - Fr-i N{p)-%{R%v* Me[-m]) 

JJdet (Id - Fr-i N{p)-'\i;R%Mr,^) 
p 

JJdet (Id - Fr-i 7V(p)-^|(M^J^^) 
P 

Lq(M^,s)-\ 
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2.1 Hasse-Weil C- functions - Motives with compact sup- 
port 

Definition 2.6. (see e.g. [Ser65]) For any quasi-projective scheme X over 
Spec Z, the Hasse-Weil zeta function is defined as ({X, s) := Yl^i^—^ix)^'^)^^. 
The product is over all closed points x of X, and A''(a;) denotes the cardinality 
of the (finite) residue field of x. 

Proposition 2.7. For X as above we have C{X, s) = L{Mc{X), s). 

Proof: We have DMgm(Z) 9 Mc{X) := f,J*l, where / : X -> Spec Z is the 
structural map. Let ip : Spec ¥p — >• Spec Z; by base change, we have i*fif*l = 
flf'*i*pl = f(f'*l = Mc(XxFp), where /' : Xx¥p ^ ¥p is the pullback of 
/. Therefore L(Mc(X),s) = Hp ^(^p, Mc(XxFp), s). We now identify these 
factors with ({Xx¥p, s). Let Xp := Xxz¥p, n := dimXp. By the trace formula 
due to Grothendieck, the ^-function of Xp is given by 

where Pi{t) = dot (id - Fr"^ ■t\W^{XpXf^¥ p,Qe)) and H* denotes ^-adic coho- 
mology with compact support [Del74, 1.5.4]. Thus L{ip^ Mc(Xp), s) = C,{Xp, s). 
Clearly C(X, s) = Up aXx^¥p, s). □ 

The L-series of a motive over Q is conjectured to be independent of the 
choice of £ and cr^ in every factor (assuming p £). This is known for the 
individual Euler factors at p if the motive is h'(X^,n), where X^j is a variety 
with good reduction at p, by Deligne's work on the Weil conjectures [Dcl74, 
Th. 1.6]. From Proposition 2.7 we now immediately obtain another statement 
concerning independence of i. 

Definition 2.8. The smallest triangulated subcategory of DMgm(Z) contain- 
ing the motives M{X) of all schemes X/1, of finite type is denoted DMg^(Z) 
and called the category of truly geometric effective motives. The smallest tri- 
angulated subcategory of DMgi„(Z) containing DMg^(Z) that is stable under 
tensoring with 1(1) is denoted DMgin(Z) and called category of truly geometric 
motives. 

By resolution of singularities [Scha, Axiom 1.15.], DMgni(Z) is also charac- 
terized as the triangulated tensor subcategory generated of DM(Oir) generated 
by Mc{X) and 1(1), where X runs through all schemes over Op- The thick 
closure of DMgi„(OF) is DMg„i(C'p'). The following lemma thus shows that 
the question of independence of L-functions of i is solely about the behavior of 
L-functions under direct summands. 

Lemma 2.9. For any M G DMgi„(Z) the L-series L{M,s) is well-defined in 
the sense that it does not depend on the choices of i (provided p\ £) and ag. 
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Proof: L-series arc triangulated. Therefore, in order to show the indepen- 
dence of L{M, s) for all M G DMgm(Z) we may assume that M is a generator 
of the triangulated category DMgni(Z) which is obtained by tensor-inverting 
1(— 1) in DMg^(Z). As tensoring with 1(1) amounts to a shift of i-functions, 
we therefore only have to check generators DMg^(Z), for which we take Mc{X), 
X any scheme of finite type over Z. Then the claim immediately follows from 
Proposition 2.7. □ 



2.2 Archimedean factors and functional equation 

Properties of _L-functions for motives over Q tend to generalize to ones over 
Z, given that the property in question is known for motives over Fp. We il- 
lustrate this by the functional equation. Similar considerations apply to the 
absolute convergence and analytic continuation of i-serics. Recall from [Del79, 
5.2.] or [Sch88, p. 4] the definition of the archimedean Euler factor L^(y,8) 
for a mixed Hodge structure V. We extend it to K e D^(MHS) by putting 
Loo(K,s) := -^oo(H*(^*)) *)^~^^'- Here H*(V*) denotes the i-th cohomol- 
ogy Hodge structure of the complex V*. 

Definition 2.10. Let M be a geometric motive over Z or a mixed motive over 
Q. The function 

Loo(M,s) := Loo(RrH(M),s) 

is called the archimedean part of the L-function of M. Here RFh is the Hodge 
realization functor. The completed L-function of M is defined as 

A(M, s) := L{M, s)L^{M, s). 

Much as i-functions of motives over Q, archimedean factors are not multi- 
plicative with respect to short exact sequences. (See [FPR94, 1.1.9, 1.2.5] for 
a necessary and sufficient criterion when multiplicativity does hold.) Can one 
give a natural definition of archimedean Euler factors Lao{—,s) which is both 
multiplicative and satisfies, for any Hodge structure V, 

Loo{V,s) ^ L^jV.s) ^ 
Loo(V^ni),-s) ioo(T^^(l),-s)- 

This identity would ensure that the functional equation for A(M) is equivalent 
to one for A(M) := L{M)L^{M). 

The following is a long-standing conjecture concerning L-functions: 

Conjecture 2.11. Let be a mixed motive over Q. There is a functional 
equation relating the A- functions of and M^(l): 

A(M^,s) = e(M,s)A(M;;^(l),-s), 

where e(M, s) is of the form a6*, with nonzero constants a and h depending on 
M; see [Del73], [Del79, 5.2, 5.3] or [FPR94, p. 610, 699]. 
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Lemma 2.12. Conjecture 2.11 implies the following: for any truly geom,etric 
motive M over Z (Definition 2.8), there is a functional equation A{M,s) = 
e{M,s)A{D{M),—s), where e(M, s) is of the form ab^, with nonzero constants 
a and b depending on M. 

Proof: The claim is triangulated, since the assignments M L(M,s), and 
M H> L^{M,s)/L^{DM,-s) are triangulated for M £ DMgm(Z), the lat- 
ter up to sign [FPR94, Prop. III.1.2.8]. The category of truly geometric 
motives over Z is contained in the triangulated category D generated by mo- 
tives uM, where M is any geometric motive over Fp and direct summands of 
r?!*r?* h'(X)(n), where X/Z is regular, flat and projective [Scha, proof of Prop. 
5.7]. We show that the functional equation for motives over Q implies the one 
for motives in D. 

By Proposition 2.5 and the calculation of D{r]\t,r]* h'(X)(n)) (p. 8), the func- 
tional equation for motives r]ur]* h'(X)(n) is equivalent to the functional equa- 
tion for \i^^{Xrf,n). 

We now show the functional equation for motives uN, where A/' is a geo- 
metric motive over Vp.^ By [Scha, Axiom 2.1.], the £-adic realization commutes 
with duals: {N'^)i = {NiY . Therefore, we have to see 

L{V,s)=a¥L{V'' ,-s) (8) 

with some nonzero numbers a, 6, for any finite-dimensional continuous complex 
representation V of Gal(Fp). Here L(?,s) := det(Id - Pr"^p-^|?). We may 
replace V by detT^ without changing either side of the (8), so we may assume 
dimV — 1. Then Fr~^ acts on V iV^) by multiplication with some / S 
(1//, respectively). Hence we can take a := — / and 6 := \/p in (8). □ 

Remark 2.13. Under Conjecture 1.5 a above is rational for M = i^,N. To 
see this, we may assume by triangulatedness that iV is a pure motive with 
respect to numerical or homological equivalence, so that its L-function is a 
rational function in p^" with rational coefficients (see the reference in the proof 
of Theorem 4.16). 

3 Global motivic duality — a conjecture 

Recall the category DMgin(Z) of geometric motives over Z, the Verdier dual 
functor D{—) and weak Hodge cohomology Rr-iv(— ) from Section 1.3. 

Conjecture 3.1. There is a family of functors called m.otivic cohomology over 
Z with compact support, denoted H* : DMgni(Z) M, i £ Z, taking values in 
finite-dimensional R-vector spaces and satisfying the following properties: 

1. The HJ. are a (5- functor in the sense that any distinguished triangle Mi — >■ 
M2 — >■ M3 in DMgm(Z) gives rise to long exact sequences 

. . . ^ H^(Mi) ^ H^(M2) ^ H*(M3) ^ H^+'(Mi) ^ . . . (9) 
^This must be well-known, but I failed to find a reference for it. 
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2. For any M G DMgm(Z), there are long exact sequences 

...^ H^(M) H'(M)m H^M) H^+^(M) ^- . . . (10) 

where the map from motivic cohomology tensored with M to weak Hodge 
cohomology is the standard realization map. 

3. For any geometric motive M over Z, there is a perfect pairing 

TT^^ :Hj(M)xH-'(£>M)M^M 
called global motivic duality pairing. 

4. The pairings are functorial in the sense that any morphism M M' of 
geometric motives over Z induces a commutative diagram 

tt]^: H^(M) X H-*(DM)m M 

i t ;= (11) 

tt'm> ■■ H^(M') X H-*(DM')r M 

5. The motivic global duality is natural with respect to Verdier duality in 
the sense that the following diagram commutes: 

H*(M) x B.-\DM)^ — > R 
7r^\^: ff(M)M X n-\DM) R (12) 

4- t 4-= 

The lower row is the natural perfect pairing on weak Hodge cohomology 
(5), p. 6, using the natural identification H-i-'(Z)M) = H4"'(M^(1)). 

6. Let S = r]\»r]* h^'"(X, m), with X/Z projective, regular, of absolute dimen- 
sion d, and (smooth) non-empty generic fiber (see p. 8). The pairing 
7r°(S') agrees with the height pairing 

CH'"(X^)Q_homXCH'' ™(X^)Q,hom — >■ K, (13) 

under the identification of H''(5) and H°(_D(5)) with the left and right 
factor, respectively (Theorem 1.3). The height pairing was constructed 
independently by Beilinson [Bei87] and Gillet and Soule [GS90a]. Another, 
conjecturally equivalent pairing is given by Bloch [Blo84]. 

7. By the first item, H^(M) = ff(M)R for any motive of the form M = i^N, 
i : Spec Spec Z and any geometric motive N over Fp. Apply (11) 
to the Verdier dual of the adjunction map 1 

Tr^'^j.i : M X M — > M. 

it, t= ;= (14) 

'^l(l)[2] '■ ^ ^ ^ > ^ 
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(The identifications of tlic occmTing coliomology groups with R arc seen 
by inspecting tlie long exact sequences (10). For example, H°(l(l)[2]) = 
H4(1(1)) = M. The bottom map is the multiplication. The Q-structures 
on all terms R are the standard ones.) 

We suppose that the map l is given by multiplication with log p. 

This conjecture determines special L-valucs of h^(X^,TO) for all b, m such 
that b — 2m > 0, up to a nonzero rational factor. The functional equation 
(Conjecture 2.11) covers the remaining cases. 

Remark 3.2. Let us point out a number of structural similarities of the above 

ideas with the situation of etalc constructiblc sheaves over Spec Z: think- 
ing of M e DMgi„(Z) as being analogous to a complex of constructible 
sheaves over Z, RTvj{M) corresponds to Rr(]R, JTIjj), Tate cohomology at 
the archimcdcan place. Given that, H^(Af) parallels H^(J') := WRTcCZjT), 
that is to say, cohomology with compact support, which is defined via RFc := 
cone[-l] (Rr(Z, J") RT(R,J^\^)), much the same way as (10). Finally, the 
motivic duality pairing corresponds to the perfect pairing known as arithmetic 
global duality [Mil06, Ch. 11.3] 

H^(Z, JT) X Ext^'(jr, G„) ^ H3(Z, G„). 

One should also compare the duality conjecture given here with [Mil06, Con- 
jecture II. 7. 17] of Milne. Can one find a complex of etale sheaves over Z rep- 
resenting motivic cohomology, so that the regulator map to Deligne cohomlogy 
becomes the restriction map from etale cohomology over Z to Tate cohomology 
over K? 

We now want to weigh the depth of the several parts of the above con- 
jecture. To do so, we first very briefiy recall the notion of arithmetic Chow 
groups CHf'P(X) due to Gillet and Soule [GS90a, 3.3.4]. Let X/Z be flat, 
projective and regular of (absolute) dimension d. Let D'^P{X,p) be the space 
of (p,p)-C°°-differential forms on X{C) that are (27ri)P times a real form. 
Consider the group Zp{X) of pairs {Z,gz), where Z is a codimension p cy- 
cle on X and gz is a Green current for Z, that is, a current such that 
uiz ■= —2ddgz + Sz is contained in D^P{X,p). Here 6z is the Dirac cur- 
rent given by D'^^'^-'^-P\X,d - 1 - p) 5 rj l/(27ri)<*-^-P Jz^q^- ^ny 
(p — l)-codimensional variety Y C X, and any rational function / on Y, 
the pair (div/, log |/|) is an element of ZP{X) (see loc. cit.). The quotient 
^P(X)/((div/, log l/D) + (0, irad) + (0, im9) is CH^'f (X). Note that we altered 
the definition of loc. cit. slightly by adding a factor (27ri)P/2 in order to match 
the groups with Deligne cohomology and the Beilinson regulator, cf. [GS90a, 
Section 3.5]. If X is regular and projective, but not flat over Z, we deflne 
CW''P{X) to be the usual Chow group for all connected components of X that 
are defined over some Fp. There is a map CH'*'P(X) D'^P(X,p) determined 
by [{Z,gz)] i-^ coz- We denote its kernel by CH^(X) and call it arithmetic Chow 
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group with compact support? 

Let M = M(X)(m) where X is regular and projective over Z. Motives of 
that type generate DMgin(Z) as a thick category [Scha, Axiom 1.15.]. We define 
H2™(M) := CH'"(X)k and 

7r27 : CH'"(X)m0CH<^-™(X)m ^ &{X)^ ^ CR^I) = K (15) 

to be the pairing induced by the product on arithmetic Chow groups followed 
by the pushforward map. The height pairing on CH*(X^)Q^hom is induced by 
7r2'»(M) [GS90a, Theorem 4.3.2, Remark 4.3.8. (iii)]. 

Proposition 3.3. With the above definition o/H^'"(M) and 7r|™, the state- 
ments of Conjecture 3.1 except for the perfectness of the pairing n'jjp are valid 
in this special case. 

Proof: First of all, H^™(M) as defined above fits into (a part of) the exact 
sequence (10) [GS90a, Theorems 3.3.5, 3.5.4], so 3.1.2 is satisfied. The normal- 
ization 3.1.7 is also satisfied since the map i* : Z = CH°(Fp) CH^(Z) = R 
is multiplication with log (p) with respect to the natural Q-structure on K, as 
follows from the definition. We will relate this to special L-values of motives 
over ¥p in Section 4.4. 

Let Y be another regular projective scheme over Z and let / : X — )• y be 
a projective map such that /c is smooth. These conditions (are put in order 
to) ensure that the pushforward /, for arithmetic Chow groups is defined. For 
the induced map M{Y){m) — > M{X){m) the functoriality of the duality pairing 
(11) reads as the commutativity of 

CH™(F)m X CHd™^-'"(F)M ^ CHd™^(y)K ^ CH1(Z)r 

i,r t/* t.f* 

CH-(X)m X CH'^""^-™(X)r CH<ii-^(X)K ^ CH1(Z)k 

(16) 

Indeed, this diagram is commutative because of the projection formula [GS90a, 
Theorem 4.3.9]. Hence 3.1.4 is satisfied. 

The compatibility requirement (12) of the motivic duality pairing with 
Verdier duals reads as the commutativity of the following diagram, where 
d := dimX 



_-2m . 

ttm • 


CH'"(X)m 


X 


CH'^-™(X)m 


^ CH'^(X)r ''4* 


M 




i 




t 


;= 


i= 


-2m 
'"DM ■ 


CH'"(X)r 


X 




^ ch'^(x)k ^4* 


M 








t 


t 


t= 




Hg"(X,m) 


X 


R^-^"'-\X,d-m) 


^ iil'-\x,d) ^4 


M 



Indeed the first two lines are commutative since the product on CH*'*(X)r is 
commutative [GS90a, 4.2.3]. In the last line, the pushforward is the one of 

^This group is denoted CW{X)o in loc. cit. 
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(6). This product agrees with the one on weak Hodge cohomology, see p. 7. 
The lower two hnes are commutative by the very definition of the product on 
arithmetic Chow groups. Therefore, 3.1.5 is satisfied. □ 

To move on, it is worth pointing out the notion of higher arithmetic Chow 
groups for varieties over fields due to Feliu [Fel]. However, the theory of alge- 
braic cycles over Z needs to be developed further to allow for an extension to 
the situation of varieties over Z. Another natural idea is to exhibit an explicit 
representation of the regulator K2j^_^{XY™-^ HP(X, M(m)) into Deligne ho- 
mology [Jan88] akin to the Burgos- Wang result [BW98], defining arithmetic 
JsT'-theory as the fiber of that map, and defining motivic cohomology with com- 
pact support for M = M(X)(m) in terms of that. I hope to pursue this point 
in a later work. Encouragingly, arithmetic if-theory (Gillet-Soule and Takcda 
[GSQOb, Tak05]) fits the requirements of Conjecture 3.1, except for the compat- 
ibility of the product pairing with pushforward. The latter is exactly captured 
by the arithmetic Riemann-Roch theorem [GRS08] . 

We now study the perfectness of the duality pairings. First of all, note 
the following similar conjecture of Gillet and Soule [GS94, Conjecture 1]: the 
intersection product 

CHl'''"(X)itxCH''''*™-^-'"(X)M M 

is non-degenerate for any regular scheme X that is projective and flat over Z. 

For motives over Fp, we have the following compact characterization. It was 
previously known that Tate's conjecture about the pole order of C-functions over 
finite fields and Conjecture 1.5 together imply the Beilinson-Parshin conjecture 
[Gei98, Thm. 1.2.]. 

Theorem 3.4. Let N stand for any geom.etric m,otive over¥p, let i : Spec Fp — > 
Spec Z. Under the axioms concerning the existence and cohomological dimen- 
sion of mixed motives over Fp a,nd the weight formalism (see Section 1.3 and 
[Scha, Sections 1, 2, and 4]), the perfectness of the motivic duality pairing for 
all motives i^N is equivalent to Conjecture 1.5. 

Assuming only the axioms about the triangulated categories of motives, the 
perfectness is equivalent to the conjunction of Conjecture 1.5 and the Beilinson- 
Parshin conjecture stating 

Kr{X)Q = (17) 
for any smooth projective variety X over ¥q and all r > 0. In particular, it 

Proof: Using the axioms about mixed motives, we first show that Conjecture 
1.5 implies the perfectness. By 3.1.2, H*(i,A'') = H*(iV)R. By [Scha, Ax- 
iom 4.1.], the cohomological dimension of DMgni(Fp) is zero, so that H-' (A^) = 
jjO^pjjjjY^ and similarly for D{N). By the same axiom, only finitely many j 
yield a non-zero term. Therefore, we may replace A'^ by pH-'A^ and assume that 
A^ is a mixed motive. Using the weight filtration we reduce to the case where 
A' is a pure motive. Under Conjecture 1.5, all adequate equivalence relations 
agree, so we may regard N as a Chow motive or as a pure motive with respect 



19 



to numerical equivalence. By the semi-simplicity of pure numerical motives 
there is a decomposition N = 1"^ (B R, where i? is a Chow motive such that 
-^DM (F )(^^) ~ -^DM (F )(^) ~ ^- functoriality of the pairing we get a 
commutative diagram 



The lower line is a perfect pairing, since the one for ul is by 3.1.7. 

We now show the second statement. Let X be a smooth equidimensional 
projective variety over ¥q. Let / : Spec — > Spec ¥p be the canonical map. 
Set M := uf^M{X){m). By 3.L2, we have Hj(M) = W{M)u, so Conjecture 
3.1 is concerned with the pairing 

For 2m — i > the second factors vanishes, hence the perfcctness is equivalent to 
(17). For 2m = i is perfectness is equivalent, by definition, to the agreement of 
numerical and rational equivalence (up to torsion). This shows one implication 
of the second statement. By resolution of singularities [Scha, Axiom 1.15.], the 
category DMgi„(Fp) is generated as a thick category by motives M{X){m) as 
above. Since the perfectness only has to be checked on such generators, we are 
done with the converse implication as well. □ 

The following corollary was pointed out to me by Kahn. 

Corollary 3.5. The perfectness for all motives i^:N implies a canonical equiva- 
lence DMgm(Fp) = D'^(M].at(Fp)), which in turn implies amongst other things 
the independence of L- functions of L 

Proof: That description of DMgni(Fp) is shown to be a consequence of 
~num=~rat a^d the Beiliuson-Parshin conjecture in the course of the proof of 
[Kah05, Theorem 56]. □ 

Lemma 3.6. Let M be a geom,etric m,otive over Z. Under Parts 2 and 3 of 
Conjecture 3.1, H*(M) is nonzero only for finitely many i ^1. 

This is a consequence of the spectral sequence H'*(pH^(M)) => H"+''(M), 
the boundedness of the motivic t-structure and of the cohomological dimension 
[Scha, Axiom 4.1.]. It also follows from the perfectness of the motivic pairing 
and the axioms concerning geometric motives (but not the ones about mixed 
motives): 

Proof: The full subcategory of DMgin(Z) of motives satisfying the claim 
is thick. Since DMgni(Z) is generated as a thick category by motives M = 
M(Ar)(m), where X is any regular scheme that is equidimensional of dimension 
d and projective over Z and m G Z [Scha, Axiom 1.15.], it suffices to check the 
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claim for these motives. Now, W{M) = K2m-i{X)Q^ vanishes for z ^ 0. On 
the other hand, H'(M)ir ^ H-'(£)M)^ via 7r^*jj^. The outer terms of 

H-'-1(£)M)r H-'-i(£)M) R-'{DM) 11-\DM)m 

vanish for i < and R^^DM) = Hq'^~'(X, rf- m) vanishes for almost all i. □ 

Lemma 3.7. Let X/Z be projective such that the generic fiber Xjj is smooth 
and non-empty. Let b,m Q Z be arbitrary. Under 3.1.2, the perfectness of the 
pairing TTg^ for S := ri\^ri* \i{X, m) is equivalent to H^(_D5') = 0. 

In the cases b — 2m < wc know the vanishing of H^(Z)S') independently of 
the perfectness of the duality pairing (see Theorem 1.3). Beilinson's conjecture 
4.9 deals with the cases b — 2m > 0, 6 — 2m = being the L- value prediction at 
the central point. 

Proof: Using (10) and B.-'^{S) = 0, we see that H-i(S') is the kernel of 
the realization map pg^ : H~^(5)k — > H~^(S') which is injective (cf. Theorem 
1.3). □ 



4 Special L-values of motives over Z 
4.1 A conjecture 

Throughout this section, let M be any geometric motive over Z. In the remain- 
der of this chapter, wherever ranks of motivic cohomology groups are involved, 
we assume the following conjecture. 

Conjecture 4.1. (Bass) iiT-groups of regular schemes X of finite type over Z 
are finitely generated. 

We need the following consequence (by resolution of singularities): motivic 
cohomology of all geometric motives over Z is finitely generated. 

By [Scha, Axiom 4.1.] (see also Lemma 3.6) only finitely many II'(M), and — 
under 3.1.2 — only finitely many II*(A'/) are nonzero as i £ Z varies. Thus, 
the Euler characteristic x(M) := ^.(— l)MimH*(M) is defined. Throughout, 
terms of the form H* (M)r are endowed with the obvious Q-structure. Using the 
Q-structure on 'RT^{M) and the sequence (10), (8)det^-^)'H^(M) is therefore 
endowed with a Q-structure (see Section 1.1). 

Conjecture 4.2. The order of the L-function of M (Definition 2.1) is given by 

OTds=oL{M,s) = -x{DM). 

As usual, negative orders mean a pole, positive ones a zero of the L-function. 

Moreover, assuming 3.1.3, the perfectness of the motivic duality pairings 7r\^ 
for all i € Z, the special L- value is given by 

L*(M,0) = l/detTTM (modQ''). 
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Under 3.1.3, the pole order conjecture is equivalent to ords^a L{M, s) = 
— X)jgz(— 1)* dimH* (M). We are now going to expound some structural prop- 
erties of the conjecture. In order to state the compatibility with the functional 
equation, we shall need the following conjecture of Delignc's. It implies the com- 
patibility of the L- values conjecture for critical pure motives over Q (i.e., 
motives such that H^(M^) = 0, i = 0, 1) with the functional equation [Del79, 
Theorem 5.6]. 

Conjecture 4.3. [Del79, Conjecture 6.6] Let M be a pure motive over Q 
with respect to homological equivalence, i.e., a direct summand in ]V[hom(Q) 
of h{Xrj,m) where X^/Q is smooth projective. Assume that M is of rank one, 
that is to say, its Betti realization (or, cquivalcntly, de Rham or ^-adic realiza- 
tion) is one-dimensional. Then M is of the form M(e)(n), where n is an integer 
and e : Gal(Q) — > is a finite character and M(e) denotes the Dirichlet motive 
to the one-dimensional representation, e, of Gal(Q) {loc. ext.). 

Theorem 4.4. 1. Assuming Parts 1 and 4 of Conjecture 3.1, Conjecture 
4-2 is triangulated: given a distinguished triangle Mi M2 M3 in 
DMgni(Z), the conjecture predicts 

i*(Mi,0)i*(M3,0) = L*(M2,0) 

and additively with the pole orders. In particular, the subcategory of 
DMgiii(Z) of motives for which the conjecture holds is triangulated. 

2. Assume Conjecture 4-3 and Conjecture 1.5 (^^rat=^numy' and the func- 
tional equation for completed L -functions over Q (Conjecture 2.11). Let 
M he a geometric motive contained in the triangulated subcategory of 
D]V[gni(Z) generated by the image of it, : DMg,n(Fp) DMgin(Z) for 
all primes p and direct summands of motives S :— 771*77* h^(X, m) with 
X/Z, regular and projective. Then 3.1, parts 1 and 5, imply that Conjec- 
ture 4-2 for M is equivalent to the one for DM . 

Note that by [Scha, Prop. 5.7] and its proof, the motives mentioned in the 
last claim generate DMgm(Z) as a thick category. 

Proof: Let Mi -)■ M2 M3 be a distinguished triangle in DMgi„(Z). The 
pole order additivity is clear. We consider the long exact sequences made of 
H*(Mj) and H~*(£'Mj) and get a commutative diagram of long exact sequences 
coupled together by perfect pairings. The Q-structure on motivic cohomology 
with compact support is triangulated, i.e., 

DMgm(Z) 3 M (g)det(-^^' H^(M) e D''(1)'3-<*'^* 

i 

is multiplicative in the sense of Section 1.1 since its constituent parts are: on 
motivic cohomology the Q-structure is trivially multiplicative and on weak ab- 
solute Hodge cohomology it is by construction of the realization functor. This 
settles the first statement. 
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For the second part, we write ord for ords=Oi Xc{M) := J^ii^^T dimH* (Ai") 
and similarly Xw{M) with H^(M) instead. Moreover, RFh denotes the Hodge 
realization functor (Section 1.3). We use the following calculation of the pole 
orders of archimcdcan factors ([Bci86, Lemma 7.1.] or [FPR94, III. 1.2. 5 + 
III.1.2.3]), where G is any geometric motive over Q or Z: 

OTds=Q L^{G,s) = -^(-l)MimH;(ff(G^(l))). 

i 

Thus, Conjecture 4.2 for Af , ordL(Af, s) = — x(_DAf), is equivalent to 
X(I?M) - ^(-l)MimH;(ff (RFh(I?(M))) 

i 

Xc{M) - 5^(-l)MimH4(ff (RrH(D(M))) 

i 

X(M) + (M) - l)Mim (H^"^ (RFh (M)^ (1))) 

i 

X(M) - ^(-l)MimH^(ff (RFh(M)) 

i 

By Lemma 2.12, the functional equation for mixed motives over Q implies the 
one for motives over Z, so that ordA(Z)M) = ordA(M). Again invoking the 
pole order calculation of ioo-functions wc get ord L{D{M)) = — x(-^): that 
is, the conjectural prediction of the pole order of L{D[M)). This settles the 
compatibility of the pole order prediction with the functional equation. 

As for the special L- values, the compatibility is also more or less directly built 
into the formulation of Conjecture 3.1. Let us write L*{—) for L*(— ,0) in the 
sequel. The claim is triangulated. For motives M = i*A^, where i : Spec Fp — 
Spec Z and N is any geometric motive over Fp the functional equation reads 
L{i^N,s) = ab^L{D{i^N),-s), with a and b in (Remark 2.13). This uses 
the agreement of numerical and homological equivalence, implied by Conjecture 
1.5. On the other hand det iTi^N = det7r£,(j^;v) mod by 3.1.5. 

To check the claim for direct summands of motives of the form S := 
rj\^ri* h^(X, m) with X/Z projective and regular, we may assume X is of equidi- 
mension d. We can also assume b — 2m > 0, since DS = ry!*ry* h^''^''(X, d — m), 
so either for S or DS this weight condition is satisfied. Let := ri*M[—l]. It 
is a direct summand of h''^^(A'^, m), where is the generic fiber of X. For 
6 — 2m = 0, the hard Lefschetz axiom ([Scha, Axiom 4.4.], see also Section 4.3.2 
below) implies an isomorphism S = DS, so that there is nothing to show in 
that case. Let now b — 2m > 0. Deligne's conjecture 4.3 implies (see loc. cit.) 

L*{S) 2j L*{M^{1)) ^ ai 
L*{DS) L*{Mr,) a2 

where ai denotes the image of 1 G Q under the determinant map of 11° (DS) = 
H^(M^(1)) and a2 denotes the image of 1 in detH° (DS) induced by the Q- 



ordA(M) 

3.1.3 



(5), p. 6 
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structure on H^^(5') = H° (M,,) under the natural weak Hodge duality isomor- 
phism HO (M^)v ^ h4(M^v(1)). 

In other words, axja-i = detH~^(6')0detHO (DS"). All other H^-groups of 
S and DS vanish (sec the proof of Lemma 1.2). Wc abuse the notation by 
identifying detRrw(-S') with detH~^(5') (including the Q-structure) and dually 
for DS. Prom the calculus of determinants and (12) we get 

(g) det(-i)' n's = det-i H-i(5)® det^^ H° (1?5)® (g) det^'^^" Tr},s- 

i i 

By Conjecture 4.2 for DS, the right hand side gives a2 / {ai ■ L* {D S)) = 1/L*{S), 
which is Conjecture 4.2 for S and conversely. □ 

Example 4.5. We now study the implications of Conjectures 3.1 and 4.2 for 
M = M(X)(to), X/Z regular, projective and of equidimension d, including a 
special values conjecture for ({X,s). In the conjecturally perfect pairing 

< :H^(M)xH-*(D(M))r^M 

the second factor is isomorphic to Ki-2m{X)^~"^^ by absolute purity, and so 
vanishes for i < 2m. Hence so does the first factor, so that the realization map 

p\, : K2,n-^iX)^^^ = ff (M)k ^ HUM) = Hj,(X,m) 

is an isomorphism for z + 1 < 2m and injective for i + 1 = 2m. (In particular, 
the non-torsion part of higher JC-theory of X is finitely generated — a weakening 
of Conjecture 4.1.) In line with this. Proposition 3.3, and the sequence (10) we 
set 



BUM) := { 



z < 2m - 1 

CH'"(X)k i = 2m 

cokcr(p2™ : CH'"(X)k ^ n^iX, m)) i = 2m + 1 

H^-i (M) = Hjj-i (X, m) i > 2m + 1 



The pairing nlf is the intersection pairing CH™(X)rxCH''"™(X)r R. The 
pairing n]^ for i > 2m + 1 is — in accordance with (12) — given by the Beilinson 
regulator followed by multiplication in Deligne cohomology and pushforward to 
Hi)(Z,l) =M: 

: R^\X,m)xKi_2m{X)^K~"'^ ^ R^\X,m)xRl^-\X,d - m) ^ R. 

Pinally, tt^"*"^ : coker pj;^xKi{X)^^ ™^ ^- R is induced by the pairing induced 
by the multiplication and pushforward on Deligne cohomology via the surjection 
Hg"(X,m) ^ coker and the injection Xi(X)Jf""^ ^ }i^-^{X,d - m), 
respectively. The pairings n''^, i > 2m and the isomorphisms p\j, i < 2m — 1, 
determine an isomorphism 

($?)det(-^)' Hj^(M)(8)det(-^)' B.-'{DM)m 4 R. 
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By Proposition 2.7 wc have L{M, s) = C{X, s+m). Wc conjecture that modulo 
— L*{M, 0) is the reciprocal of the image of 1 in R via the Q-structure map 
of the left hand term. The class number formula has been interpreted in the 
terms above in [Sou92, III. 4. 3]. 

The group H2™+i(M) = cokev Ko{X)^^'> B.^{X,m) is related to the 
Hodge conjecture: from Section 1.2 we have H^™(X, m) = H2™(X(C), R(m))<= D 
H'"'™(X(C)). The cycle class map pj^ factors onto Ko{Xn)m ^ ©„CH'"(X^)r, 
where X^, is the (smooth projective) generic fiber of X. The Hodge conjecture 
for X{C) or the Tate conjecture for Xq imply that the image of CH'"(X^)(g)Q 
is the group Tj^iilP™{X, m) of absolute Hodge cycles in H^'"(X, m), see [JanQO, 
2.10, 5.4, 5.5] for the definition of absolute Hodge cycles and this statement. 
It is well-known [And04, 7.2.1.3, 7.3.1.3] that the Hodge conjecture over C or 
the Tate conjecture over Q imply all standard conjectures, in particular the 
agreement of homological and numerical equivalence on any smooth projective 
variety over Q. Here is a short duality-minded proof of that implication (we 
put rf^ = dimX^): 

CH™(X,)q y CH'^''-"(X,)v 



rAHH2'»(X, m) TAM^^'^'^n-mfi^X, d^ - 

Under the Hodge or Tate conjecture the vertical cycle class maps are surjective 
and injective, respectively. Since the comparison maps between i'-adic, Betti, 
and de Rham cohomology are compatible with products, the Poincare duality 
for these individual cohomology theories also gives the lower row isomorphism 
for the absolute Hodge cycles. Any cycle in CH™(Ar^) is numerically trivial iff its 
image under U is zero. By the diagram this happens iff its image in H^™(X, m) 
is zero, i.e., iff the cycle is homologically trivial. 

Does the perfectness of the motivic duality pairings imply the agreement of 
homological and numerical equivalence on smooth projective varieties X^/Ql 

The following theorem sums up the results of the following sections. Refer- 
ences in parentheses refer to precise statements and/or proofs. 

Theorem 4.6. The pole order part of Conjecture 4-2 for truly geometric motives 

overly (Definition 2.8) is equivalent to Soule's conjecture concerned with the pole 
order of (^-functions of quasi-projective varieties F/Z (Theorem 4-8). 

Assuming standard assumptions on mixed motives over finite fields, number 
fields and number rings (see Section 1.3 or [Scha, Sections 1, 2, and 4]), the 
following statements hold true: 

Beilinson's pole order prediction (Conjecture 4-9) for L- functions of motives 
Mjj := h^~^{Xn, m) with X^ smooth and projective over Q is equivalent to 

ovds=oL{S) = - (-l)"dimH"(£>(5)). (18) 
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where S := 77!*Af^[l]. Therefore any two of the following statements im,ply the 
third: (1) H^(£)<S') =0, (2) Beilinson's pole order prediction, (3) the pole order 
prediction of 4-2 (Corollary 4-i4)- 

The vanishing of }i^{DS) is equivalent to the pairing tt^^ being perfect 
(Lemma 3.7). It holds for b — 2m < (Theorem 1.3) or when is an Artin- 
Tate motive over Q (Theorem 1.4). 

Under the assumption H^(Z)S') = 0, the perfectness of the global motivic 
duality pairings TTg, for S as above with arbitrary b and m, is equivalent to con- 
jectures of Beilinson concerning the isomorphicity of certain realization maps 
(Lemma 4.12) and the special L-values prediction of Beilinson for is equiv- 
alent to the one of 4-2 for M = S (Theorem 4-13). 

The perfectness of the pairings tt^ for M = it,N, with i : Spec Fp — >■ Spec Z 
and N £ DMg,ii(Fp) is equivalent to Conjecture 1.5 (Theorem 3.4). Under 
1.5, the Tate conjecture overWp is equivalent to 4-2 for such motives (Theorem 
4.16). 

Up to direct summands, the conjunction of the conjectures of Soule, Beilinson 
(L-values and ~num=~raty'; md Tate is equivalent to the perfectness of the 
motivic duality pairings tt^ for all geometric motives M over Z and the pole 
order and special L-values prediction of 4-2. 

Proof: The interpretation of the pole order part of Beihnson's conjecture as 
(18) is done in the first part of Theorem 4.13. It mostly stakes on 1.3. 

The last statement is a summary of the preceding ones: the subcategory 
of DMg,„(Z) of motives M for which the pairings tt^^ arc perfect is thick, 
i.e., triangulated (by the five lemma and 3.1.1), stable under direct summands 
(3.1.4). It is also stable under the Verdier dual functor D (use (12), (5) and the 
five lemma). By [Scha, Prop. 5.7], DMg,n(Z) is generated as a thick category 
by motives S, where b and m are any integers, and motives i* M{Xp){m), with 
Xp/¥p some smooth projective variety. The perfectness for the latter type 
of motives is equivalent to Conjecture 1.5. By the calculation of D{S) (p. 
8) we therefore are left with the perfectness for M = 5 with b — 2m > 0. 
Soule's conjecture 4.7 is equivalent to ord^^o L{M, s) = —x{D{M)) for all truly 
geometric motives M . The category of geometric motives over Z is generated as 
a thick category by such motives. "Up to" direct summands, i.e., assuming that 
this pole order formula continues to hold for direct summands, Soule's conjecture 
and Beilinson's pole order conjecture 4.9 therefore imply ^A^[DS) = 0, under 
which the isomorphy statements in Beilinson's conjecture are equivalent to the 
perfectness of the duality pairings tt^ with h — 2m > 0. This shows that 1.5, 
4.7 and the isomorphy parts of 4.9 together imply, up to summands, to the 
perfectness of tt^ for all geometric motive M over Z. Given that perfectness, 
the following holds: Beilinson's conjecture for is equivalent to 4.2 iov M = S 
(Theorem 4.13) and Tate's conjecture 4.15 is equivalent to the pole order formula 
for M = i^N. The category DMgi„(Z) is generated as a thick category by such 
motives. This shows the implication of the last statement. The converse 
{3.1, 4.2} {4.7, 4.9, 4.15} is also clear by the above. □ 
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4.2 Relation to a conjecture of Soule 

This short section compares a pole-order type conjecture of Soule with the pole 
order part of Conjecture 4.2. 

Conjecture 4.7. (Soule, [Sou84, Conjecture 2.2.]) Let F/Z be quasiprojective. 
Let m e Z be arbitrary. Then 

ord,=„C(i^,s) = ^{-iy+' rk Kl{Y\^^ 

i>0 

We refer to loc. cit. for the definition of K^{Y)(^Jy^y For Y regular, it agrees 
with ii'i(F)(<i™^-'"). 

The right hand side above makes sense under Conjecture 4.1 and the van- 
ishing of almost all ^fC'-groups, which in turn is a consequence of [Scha, Axiom 
4.1.]. See also Lemma 3.6. 

Theorem 4.8. ConjectMre 4-7 for Y and m is equivalent to the pole order pre- 
diction of Conjecture 4.2 for M = Mc(F)(m). Therefore, Soule's conjecture is 
equivalent to 4-2 restricted to the category DMgin(Z) of truly geometric motives 
over Z (Definition 2.8). 

Proof: Wc know C(X,s) = L(Mc(y),s) (Proposition 2.7). if'-theory has 
a localization sequence which preserves the Adams grading (see [Sou84, 1.3.]). 
Likewise, motives with compact support have a localization sequence. Therefore 
the statement for Y is implied by the conjunction of the one for some open 
subscheme U of Y and Z := Y\U . In particular we may assume that Y is 
integral. 

There is an open subscheme U oi Y that is cither smooth over Z or over 
Fp. If Y/1i is flat, one can take an open neighborhood of a smooth point of 
the generic fiber of Y, otherwise Y lies over some Spec Fp and one can take a 
neighborhood of a smooth point of F [Gro67, Prop. 17.15.12.]. By a Nocthcrian 
induction, we may replace Y by U. Let / : F — )■ Z be the projection. By 
definition Mc(F) = and by the regularity and projectivity of Y we get 

£)(Mc(F,m)) = /*/'l(l -m)[2] = /,/*l(d - m)[2d] [Scha, Axiom 1.11.]. As Y 
is regular, we get K[{Y)(m),ii = Ki{Yf^~'^'^ ^ h2(''-"»)-*(F, d - m). Moreover, 

x{D{M,{Y){m)) = xmy){d - m)[2d]) 

= ^(-l)Mimff+2''(F,d-m). 

The second statement follows from Theorem 4.4 since DMgni(Z) is generated 
as a triangulated category by motives Mc (Y) (m) as above (resolution of singu- 
larities, [Scha, Axiom 1.15.]). □ 
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4.3 Relation to Beilinson's conjecture 

Recall from Section 1.3 the axioms wc assume, in particular the ones concerning 
mixed motives over Z. In this section, we compare Beilinson's L-values conjec- 
ture with a particular case of Conjectures 3.1 and 4.2. Throughout, X/Z is any 
projective equidimensional scheme such that the generic fiber X^/Q is smooth 
and non-empty. Let d and be the absolute dimensions of X and X^, respec- 
tively Let M = }i'{X,m) and := r]*M[-l] = h''"^(X^,m); the latter is a 
pure motive of weight wt(Af^) = 6 — 1 — 2m. Wc set S := rj\^ri* M (sec Section 
1.3). It is a generically smooth mixed motive over Z of pure weight h — 2m. 
Its Verdier dual is D{S) = rjwq* h^'^~''{X, d - m). Let n := b - m. Recall the 
groups CH™(X^)Q,hom, CH'"(X^)Q/hom and H*(X^,n)z from Section 1.3. 

4.3.1 Beilinson's conjecture 

Conjecture 4.9. (Beilinson [Bei84, Bei86]) Using the above notation 

6 - 2m < -2 

nrd T(M .\ - ^ - dim CH'"(X,)Q/hom 6 - 2m = - 1 (Tate) 

ord,=oMM„s}-<j dimCH'"(X,)Q,hom 6 - 2m = 

dimH*'(X^,n)z 6 - 2m > 1 

Special L-values are conjecturally given by the following: For b = 2m it is 
conjectured that the height pairing 

CH™(X^)Q_hom®CH'^ '"(-'^^?7)Q,hom R (19) 

is perfect. Up to a nonzero rational factor L*(M,,,0) is given by the determi- 
nant of the height pairing multiplied with the period of M^, that is to say, the 
determinant of the isomorphism 

aM, :H2'"-i(X(C),IR(m))(-i)"' ^H2'p"-1(Xk)/F'" 

with respect to the usual Q-structures on both sides (compare (2), p. 5). 
For b — 2m = 1, the map 

roo : (CH™(X,,)Q/hom® H2™+i(X^,n)z)R ^ H^"+i(X,n). (20) 

obtained by the composition 

CH™(X^)Q/homOM ^ H2™(Xm) ^ n^+\X,n) 

(see (2) for the right hand map) and the realization map, is conjectured to be 
an isomorphism. The induced isomorphism 

det Too : det(H*(X^, n)z)M = M det H^(X, n) = R 

is denoted d^o- The left hand term is endowed with the obvious Q-structure. 
The right one gets the one stemming from the identification of 'B!^{X^,n) = 
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H^(H''-i(X,Q(n))) with the dual of (H''-i(X, Q(n))^(l)). With respect to 
these Q-structures, 

L*{Mn,0) = rfoo(l) mod Q^. 
For 6 — 2m > 1, the statement is the same, except that (20) gets replaced by 

Too : mqB.''{Xr„n)z ^ H*)(X^,n). (21) 

This conjecture determines L-values of motives h^~^{Xn,m) with any b,m, 
such that b — 2m > and X^/Q smooth projective, up to a nonzero rational 
factor. By the functional equation (Conjecture 2.11), the conjecture predicts 
L- values for all b,m. 



4.3.2 The hard Lefschetz isomorphism 



This section is a short detour concerning the Lefschetz isomorphism. We want 
to get rid of the (conjectural) hard Lefschetz isomorphism built into Beilinson's 
conjecture in order to express L-values solely in terms of the proposed global 
motivic duality. By Poincare duality we have M^(l) = h'^'^'^^^^^ {X^j, c?^— m+1). 
It is pure of weight — 5 — 1 + 2m. The hard Lefschetz axiom [Scha, Axiom 4.4.] 
says 

h''-\Xr„b-m) ^]i'^'^''-''+\Xr„dr,-m + l). (22) 

For b < d the map is given by taking the (d — &)-th power of cup product with 
a hyperplane section, with respect to an embedding of Xrj into some Pq . For 
6 > d it is the inverse of this map. 

Lemma 4.10. Let m £ Z be arbitrary and b such that b — 2m > 0. The hard 
Lefschetz axiom [Scha, Axiom 4-4-] implies isomorphisms 



CH™(X^)Q/hom 
CH"(X„)q, 

nom 



CH'^-"-^(X^)Q/hom, 



= CH 



d—m 



(X„)Q,hom [Bei87, Conj. 5. 3. (a)], 



6-m)z = YL^'^'''{X^,d-m) 



Proof: Using [Scha, Axiom 4.7.], the first claim is obtained by applying H° 
to both sides of (22) (in the particular case b — 2m = —1). The second and 
third isomorphism follow by applying H° o 771* o [1] to (22) (with b — 2m = and 

b — 2m > 0, respectively), using Theorem 1.3. □ 

Proposition 4.11. Let b — 2m > 0. There is a commutative diagram 
R°{m*V* h^'^~\X, d - m)) ^ > H0(77!*77* h^X, b - m)) 



real. 



real. 



m] 



H^(X^,&-m) 



Hi(H 



2d-b-l 



(X^,Q(d-m))) 



■H^(H'' i(X^, 



m))) 



29 



Its horizontal maps are given by the product with L'^~^ or its inverse (see above). 
The '^-structures on the Deligne cohomology groups are preserved under this 
isomorphism. 

For b — 2m < there is a similar diagram featuring a hard Lefschetz iso- 
morphism 

B.^^{Xn, b-m)^ Hg'-^-^(X^, d - m). 

Proof: We use the short exact sequence (2). We only do the case b — 2m > 1. 
The case b — 2m < is done dually using (3). For b — 2m > 1, there are exact 
sequences (Lemma 1.2) 

0^>H''-i(X(C),R(6-m))(-^)''"" H^^^ (Xk)/F''-™ ^ (X, 6 - m) ^ 
and 

H2'^-''-'(X(C),R(d-m))(-'>''"'" RI^^-''{Xr)/F''-"' Rl^-\X,d-m) 0. 

The left hand injections are induced by the natural morphisms IR(— ) C C ^■ 
^*x(C)/c (complexes of) sheaves on X{C). The Lefschetz isomorphism (see 
e.g. [PS08, Theorem 1.30]) is given by the cup product with the cycle class 
L G H^(X(C),Q(1))~"^ of a hyperplane section of X (or its inverse, see above). 
It visibly gives a commutative diagram between the singular cohomology groups 
and the de Rham cohomology groups in the sequences above. Hence the Deligne 
cohomology groups are also isomorphic. 

The Q-structure on Betti cohomology is preserved by cup-product with the 
rational (actually integral) cohomology class L. Likewise, the hyperplane sec- 
tion being defined over Q, it respects the Q-structure on algebraic de Rham 
cohomology. This shows the claim about the Q-structures. □ 

4.3.3 The comparison 

Lemma 4.12. The perfectness of the motivic duality pairing tt^, where S = 

r]\^ri* h''(X, m), b — 2m > is is im,plied, by the maps (21) and (20) in Beilinson's 
conjecture being isomorphisms and the height pairing (19) being perfect. 

If we additionally assume {DS) = for b — 2m > 0, the said assumptions 
in Beilinson's conjecture are equivalent to that all pairings Wg and n^g are 
perfect. 

See Corollary 4.14 for a statement concerning the vanishing of {DS) . Also, 
this group is zero if X^ is such that h''~^(X^) is a mixed Artin-Tate motive over 
Q (as opposed to a general mixed motive) [Schb, Proposition 4.4] . 

Proof: By Proposition 4.11, the hard Lefschetz isomorphism identifies the 
realization map H''(X^, b — m)z — >■ Hq(X^, b — m) featuring in (21), (20) in the 
cases 6-2m > 1 of Conjecture 4.9 with lP'^-''{Xn,d-m)z R^~''{Xn,d-m). 
By Theorem 1.3, definition of the weak Hodge cohomology functor and Lemma 
1.2, this map is the realization map 

pis ■■ H°(D5)m ^ K{DS)- (23) 
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For all 6-2m > wc have li^{S) ^ H-i(D5) = and H'^(5) = }1''{DS) = 
for \a\ > 1 (Theorem 1.3). For weight reasons, all weak Hodge cohomology 
groups of S and DS are zero except for H~^(S') = H° (M^) and }1%{DS) in the 
cases b — 2m > 1. See the proof of Lemma 1.2. Therefore, we have to look at 
the following commutative diagram with exact columns ((10) and (12)): 



'DS 





Hc-^(5) 

; 

H-1(5)r 

h°(5) 

i 

H0(5)e 






t 
t 

RliDS) 
t 

KiDS) 

Whs 
HO(£'S)m 

t 

U°{DS) 

t 




i= 

R 

1= 

R 

i= 

R 

i= 
R 

1= 
R 

i= 



(24) 



The map (20) being an isomorphism is equivalent [Fon92, 9.5] to the exis- 
tence of an exact sequence 



>CH'"(X^)R/hom 



Ps 



By Theorem 1.3, it reads 



■H°(M,). 



V 

Pds 



> H-1(5)m H-i(5) 



H"(Z)5)^ -0 




(25) 



The isomorphism (p expresses the duality of weak Hodge cohomology (5). 

In the cases b — 2m > 1 we know H"(5) = 0. By (24), the injectivity of 
phs is equivalent to ir^s being perfect. The identification of cokerp^^ with 
H°(DS')g of (25) is equivalent to being perfect. The group Hj(S') vanishes, 
as we have seen in the proof of Lemma 3.7, so H^(Z)5) = is equivalent to Wg^ 
being perfect. By the five lemma, njjg is then also perfect. 

The case b — 2m > 1 is done parallel. In addition to the above, we have 
H-i(S') = 0. Accordingly, (25) reduces to an isomorphism li~^{S) 4 lf{DS)'^. 
The details are omitted. 
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In the case b — 2m = the weak Hodge cohomology groups in (24) both 
vanish for weight reasons. Moreover S*) = H"(<S') = for a ^ (Theorem 
1.3), so that TTg^ and irjyg are perfect. The height pairing (19) is just tt^, by 
the requirement 3.1.6. Its perfectness is equivalent to the one 

In the following theorem, wc assume Conjecture 3.1, in particular the per- 
fectness of the global motivic duality pairing. Under this conjecture, we can 
talk about Conjecture 4.2. 

Theorem 4.13. Under Conjecture 3.1, Beilinson's conjecture for Mr, is equiv- 
alent to Conjecture 4-2 for S. 

Proof: By Proposition 2.5, L{Mri,s) = L{S.s)^^. This and hard Lefschetz 
(cf. Lemma 4.10) together shows that Beilinson's conjecture reads 

ord^=o i(M^,s) = ^(-l)"dimH"(£)5). (26) 

For b — 2m < 0, we additionally know H^(Z)5') = (Theorem 1.3). In general, 
this vanishing is equivalent (Lemma 3.7) to the perfectness of the pairing 
for S (Lemma 3.7), which is part of Conjecture 3.1. The comparison of the pole 
order statements is therefore done. 

For the special L- values, we revisit the proof of Lemma 4.12 and look 
at the Q-structures involved. As in that proof we may replace the map 
H''(X^, b - to)z«)R ->■ H^(^„, b-m) occurring in (21), (20) by p%g, see (23), 
since the involved Q-structures remain unchanged (Proposition 4.11). The Q- 
structurc on II^(DS') is the one stemming from the weak Hodge duality iso- 
morphism with H~^(S')^. This Q-structure is distinct from the "original" one 
on H^(Z)S'), see the discussion of the functional equation in Theorem 4.4. All 
motivic cohomology terms H*(— )r get the obvious Q-structure. 

We first do the case b — 2m = 1. In addition to the vanishing of the H^(— ) 
groups mentioned in the beginning of the proof of Lemma 4.12 we note that 
the groups H~-'^(S') and H" (DS*) are also the only groups that contribute to the 
determinant of the weak Hodge cohomology complexes Rrw(S') and 'Rr^{DS), 
respectively. Indeed, the period maps of RrH('S') and RrH(-D-S') are surjective 
and injective, respectively. To simplify the notation, we will therefore endow 
the groups H^(S') = Ii-^-°'{DS) = 0, a 7^ -1 with the trivial Q-structure 
and identify detH-i(5) with detRrw(5') and detfiO (DS) with detRrw(£>S'), 
respectively. 

By [Fon92, 9.5], [FPR94, Conj. III.4.4.3], Beilinson's conjecture equivalently 
says that the i-value of is given by the reciprocal of the image of 1 G Q in 

det"^H°(D5')R®det"^H-i(S')®detH^i(5)K =ffi, 

where the identification with R is stemming from the exact sequence (25). The 
Q-structure on H~-'^(S') is the natural one defined in Section 1.2. The left hand 
R-vector space is isomorphic, including the Q-structure, to 

det"^ H°(£)S')K(8)det-^ H°(S'), 
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so that L*{S,0) = l/L*{Mri,0) is indeed the inverse of the determinant of tt^. 
All other ng vanish, so this accomplishes the case b — 2m = 1. 

Again, the case b — 2m > 1 is similar but simpler, since — in addition to what 
was said before — H~"'^(S') vanishes. Correspondingly, only the determinant of the 
realization map p^jjg (23), as opposed to the one of (25), appears in Beilinson's 
conjecture. 

At the central point, h — 2m = 0, Beilinson's conjecture says that 
L* {Mfj ,0) = 1/L* {S, 0) is given by the determinant of the height pairing 
TT^ : B.°{S)xlP{DS) R (3.1.6) multiplied with det as, where 

as:B:^ H''"\X(C), M(m))('i)'" dR := (H^^i(X^)/F'")(g)R 

is the period map of S. That map is an isomorphism (see Section 1.2), i.e., is 
a critical motive in the sense of Deligne [Del79, Def. 1.3]. The Q-structures are 
not respected by as, so we cannot commit the above abuse of notation since the 
Q-structure on detRrw(S') and detRrw(-DS') is nontrivial even though all its 
cohomology vectors spaces are trivial. There is a chain of natural isomorphisms 
of one-dimensional R-vector spaces respecting the Q-structures: 

det det"^ dR = det RT^iMr,) = det"^ RT^{S) 

By linear algebra, det as agrees (modulo ) with the image of 1 in M under the 

natural isomorphism induced by as- det -B(8> det""'^ dR ^ M. Except for H''(S') 
and B.°{DS), all motivic cohomology groups of S and its Verdier dual D{S) 
vanish (Theorem 1.3). By (10), we have an isomorphism of M-vector spaces 
respecting the Q-structure 

(g) det(-i)' RliS) = (g) det^-i)" W-{S)® det"^ Rr^{S), 

so Beilinson's conjecture can indeed equivalently be rephrased by saying that 
L*(S', 0) is reciprocal of the image of 1 under 

(g) det^-^)' K{S)<^ (g) det^-^)' (L»5) ^ M. 

□ 

The following is clear from the proof of Theorem 4.13, see esp. (26). It is 
relevant insofar as Soule's conjecture 4.7 is equivalent to the pole order part of 
Conjecture 4.2 for the subcategory of truly geometric motives over Z. 

Corollary 4.14. Any two of the following statements imply the third: (1) 
Beilinson's pole order conjecture, (2) the pole order part of Conjecture 4-2, and 
(3) B.^{DS) =0 forb-2m>0. 

4.4 Relation to the Tate conjecture over Fp 

In order to relate our conjecture for motives M supported on closed points of 
Spec Z to the Tate conjecture, we have to assume the conjectural agreement 1.5 
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of numerical and rational equivalence on smooth projective varieties over finite 
fields. By Theorem 3.4, this implies that the proposed motivic duality holds for 
such motives. All further statements of Conjecture 3.1 hold trivially for such 
motives. 

Conjecture 4.15. (Tate conjecture over finite fields) Let X/¥q be smooth and 
projective. Let £ be a rational prime such that t \ q. Any Gal(Fq)-invariant 
element of H^*(XxF,Fg, Q^(i)) is a Q^-linear combination of algebraic elements, 
i.e., elements in the image of the cycle class map CH*(X) — >■ H^'(XxF,Fg, Q^(i)). 

Theorem 4.16. In addition to the general assumptions on mixed motives over 

Fp (Section 1.3), we assume Conjecture 1.5. Then Conjecture 4.15 is equivalent 
to Conjecture 4-2 for motives M = i^,N , where N is any geometric motive over 
Fp, z : Spec Fj, — )• Spec Z. More precisely, the special value prediction of 4-2 in 
this case is 

L*{i,N,0) = logp-'^^^^**^" (mod Q^). 

where D denotes the Verdier dual functor on DMgni(Z) and x the Euler char- 
acteristic of motivic cohomology (p. 21). 

Proof: We first show the implication =^>. The claim for N is implied by the 

one for the PH-'iV, since only finitely many j give a nonzero term [Scha, Axiom 
4.1.]. Similarly, the claim for N is implied by the one for gr^ N . Therefore, 
we may assume A'' is a pure motive. Under Conjecture 1.5, all adequate equiv- 
alence relations agree, so that we need not (and will not) distinguish between 
Chow motives Mrat(Fp) and numerical motives lV[num(]Fp)- By definition of 
pure motives, N is & direct summand of H := h{X){n), with X/¥p smooth and 
projective. Let N®N' = H. Under the embedding M,.at(Fp) C DMgni(Fp), H 
maps to M{X){n)[2n]. The latter motive is also denoted H. Therefore and for 
weight reasons, 

R^iDii^N)) = H"(Af^) C B.'^iH'') = H^igi^ PH°(i?^[a])) 

vanishes for a 7^ 0. 

The semisimplicity of Mnum(Fp) yields a decomposition N = 1^ (B R 
with Hom(l,i?) = Hom(i?, 1) = 0. These Horn-groups are the same when 
taken in either DM(Fp), Mrat(Fp), or M„um(Fp). Notice Hom(ii, 1) = 
Hom(l,i?^), so that dimHO(Af) = dimHO(A'^)(= r). Therefore, we have to 
show ord3=o i(i*A) = -dimHO(A') andL*(z*A) = logp-dimH«(Ar) i^^^^ qx)_ 

Let Z'^{X)/imm be the group of codimension n cycles on X modulo numer- 
ical equivalence. Then dimHO(i/) = rkCH"(A) by [Scha, Axiom 1.8.] and 

rkCH"(X) = rkZ"(X)/num = - ords=„ C(^, s), 

so the claim holds for H by assumption. The rightmost equality is a consequence 
of the Tate conjecture: in fact, the Tate conjecture and the agreement of the 
£-adic homological and numerical equivalence relations on X (up to torsion) 
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together are equivalent to this equahty [Tat94, Thm. 2.9]. Consequently 



dimH°A/' + dimH°iV' = dimH°iJ = - ord L{H) = - ord L{N) - ord L{N'). 

(27) 

Let -e : M,at(Fp) ^ Q4Gal(Fp)] , TTh{X){n) ^ ©a7r*H"(X, Q^(n)) be the 
£-adic realization functor taking values in graded continuous ^-adic Gal(Fp)- 
representations. Wc write H"(7V£) :— ^ the Galois cohomology of the 

£-adic Galois module N^. The following way of reasoning is borrowed from 
loc. cit. We have the following chain of inequalities: 

-oide=o L{N,s) = dimQ, ker(Id-Fr"^)"'|iV£,u>>0 

> dimQ, ker(Id - Fr"^) |iV<! 

> dimQ,(7V,)Gai(F.) 

= dimq,}i\Ne) 

> dimQH°(7V) 

The first equality is by linear algebra. The last inequality is by the injectivity 

of the cycle class map H"(A'') }i^{Ni), which follows from the injectivity of 
R°{H) B°{He) = H2"(X,(Q£(n)), i.e., the agreement of homological and ra- 
tional equivalence, which holds under Conjecture 1.5. Therefore, in (27) equality 
of dimensions must hold for the individual summands, so the pole order part is 
shown. 

As for the special value, the claim does hold for = 1: the residue of 
(■(Spec Fp, s) at s = is (logp)~^ and the determinant of 7r° is logp (see the 
proof of Proposition 3.3). Hence we can assume N = R. By the Lefschetz trace 
formula, the L-function of any pure motive over Fp is a rational function in 
with rational coefficients that are independent of £, see e.g. [And04, Section 
7.1.4]. By the preceding part, the L-function of does not have a pole at 
s = 0, therefore the leading term of the Laurent series L{i^R, s) is simply the 
value at this point, a nonzero rational number (as opposed to an f-adic or, via 
cr£, a complex number). 

For the implication <^, we again use the theorem of Tate cited above: the 
Tate conjecture for X/¥p is implied by ord^^j C{X,s) = — rkZ^(X)/mim. Un- 
der 1.5, that term is -rkCff (A:) = - dimR^^ {M{X){j)). Thus, Conjecture 
4.2 for M{X){j) implies the Tate conjecture for X. □ 
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